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Introduction

● Wide use of ferroelectric ceramics due to their electromechanical coupling properties

● Inherently brittle

● Complex fracture processes due to the interaction between crack tip stress fields and formation of 

subdomains in the ferroelectric

● Aim of this work: analyze the quasi-static crack propagation and ferroelectric domain formation 

under combined electromechanical loads



Introduction

● Coupled phase-field model to study brittle crack propagation and microstructure evolution

● Benefits
○ 1 PDE to simultaneously track interfaces and model interfacial phenomena
○ Variational formulation

● Drawbacks
○ High computational cost

● Interface or jump BC must be encoded into the phase field



Phase field model of brittle fracture in ferroelectric 
materials
Ferroelectric single crystals

● Electromechanical enthalpy density derived from the Helmholtz free energy



Phase field model of brittle fracture in ferroelectric 
materials
Ferroelectric single crystals

● U(∇p), W(p,ε) and χ(p) are energy functions assuming plane polarization/strain



Phase field model of brittle fracture in ferroelectric 
materials
Ferroelectric single crystals

● Total electromechanical enthalpy 



Phase field model of brittle fracture in ferroelectric 
materials
Phase field model for brittle fracture

● Total energy of a body made of brittle material following regularized Griffith’s fracture theory 



Phase field model of brittle fracture in ferroelectric 
materials
Brittle fracture in ferroelectric ceramics

● Coupling between crack phase field and other fields is determined by the electrical and mechanical 

BC

● Mechanical BC: traction-free crack faces

elastic energy F / electroelastic energy W



Phase field model of brittle fracture in ferroelectric 
materials
Brittle fracture in ferroelectric ceramics

● Electrical BC: Permeable crack

● Electrical BC: Impermeable crack

● Electrical BC: Free polarization

electric field E is not modified

electric field E 

domain wall energy U 



Phase field model of brittle fracture in ferroelectric 
materials
Brittle fracture in ferroelectric ceramics

● Enthalpy for a traction free, permeable and free polarization crack

● Enthalpy for a traction free, impermeable and free polarization crack

● Total electromechanical energy of a ferroelectric body



Phase field model of brittle fracture in ferroelectric 
materials
Brittle fracture in ferroelectric ceramics

● Weak form + Electrostatic equilibrium



Phase field model of brittle fracture in ferroelectric 
materials
Brittle fracture in ferroelectric ceramics

● FEM discretization + semi-implicit time discretization + staggered approach



Numerical simulations

Computational domain and parameter setting

Normalized:

1 - Dimension: 200x200.

2 - P0 = [1,0]

3 - u2 = ±t. (crack)

4 - dV=V.

5 - h≃1. (80 000 tri)

6 - D·n=0 on the boundary surfaces. (Ɛ0<<1)

7 - d(p+/-)/dn=0 in all BC and interface.



Numerical simulations

Computational domain and parameter setting

Normalized:

8 - BaTiO3

9 - Kc=0.49 MPa√m. (intrinsic fracture toughnes, Curie Temp. / 

paraelectric / no domain switching )

10 - E=100GPa, ᶟ=0.37, Gc=2J/m2,G’c=4

11 - ᶜ=2. (h/ᶜ=0.5, h\ᶜ<<1[29,30], 

h/ᶜ=1 is ok, but free surface over estimation).

12 - a0’=0.1 (Sharp domain wall).



Numerical simulations

Computational domain and parameter setting

Normalized:

13 - δferro=δfield=1-e3

14 -  α=2e-2

15 - μp=1 

16 - μv=15

17 - n=100 

18 - T=3, t’m=0.1



Numerical simulations

Mechanical Loading

- V=0 .

- Permeable 

- Impermeable.



Numerical simulations

Permeable crack

- t=0.9

- v<0.02

a) Crack appears.

b) P=[1,0]->[0,1] near 

the crack.



Numerical simulations

Permeable crack

a)  t = 1.05 

b)  t = 2.49 

c)  t = 2.58 

d)  t = 2.67



Numerical simulations

Permeable crack

a)  t = 1.05 , n++ -> 2 twins ahead the crack (wing).



Numerical simulations

Permeable crack

b)  t = 1.05 , More Twins. Due to initial twins touching outter boundary (D·n=0)[49].



Numerical simulations

Permeable crack

c)  t = 2.58 

d)  t = 2.67

Crack propagation.



Numerical simulations

Permeable crack

1) Single-Phase (no twin)

2) Multiphase (Perm)

3) Multiphase(ImPerm)

All: crack initiation around 0.9

Single > Perm > ImPerm



Numerical simulations

Permeable crack

a) Crack formation.

b), c), d) σ
22

 countered, abruptly 

cracks.[45,49,50]



Numerical simulations

Permeable crack

a) Cross section before  the crack, before and ahead the crack.

b) σ
22

 increases in the crack region. Twin toughening.



Numerical simulations

Permeable crack

After crack

1) σ
22

 , σ
12

  = 0, because traction free BC.

2) σ
11

 not 0, near crack edges. (no traction 

free BC.).



Numerical simulations

Impermeable crack

Why ImPerm has slower crack propagation 

rate?

↑E -> ↑σ
22

  ->  ↑h  



Numerical simulations

Impermeable crack

Free-polarization BC -> crack P
2

=0 .

Perm -> ᶜ≃0-> ImPerm



Numerical simulations

Impermeable crack

Domain walls -> |D|=0. a) Perm: D·n not 0, no crack. b)ImPerm: D·n=0, crack + Boundary layer. 

     

       (P=[0,1]->P=[1,0])



Numerical simulations

Impermeable crack

D
1

=0 inside the domain and not to 0 in the crack 

edge and boundaries.

D
2

=0 in the crack edge and boundaries and not 0 

inside the domain.

This shows the Boundary layer in the edge of the 

crack (D
1

 not =0).



Numerical simulations

Electromechanical loading

E=-V/L.

More complex -> E -> twin and P.

↑V -> coercive stress, shrinked/disipated twins ahead the crack.



Numerical simulations

Electromechanical loading

Permeable:

a) E=1e-3

b) E=1e-4



Numerical simulations

Electromechanical loading

a) ↑V -> Single-phase is recovered.

b) Small -V -> not consistent twins and toughening. ↑-V -> Single-phase recovery. 

*Permeable



Numerical simulations

Electromechanical loading

a) Small   V -> not consistent twins and toughening. ↑  V -> Single-phase recovery. 

b) Small -V -> not consistent twins and toughening. ↑-V -> Single-phase recovery. 

*Impermeable



Conclusions

Reproduction of:

1) Slow-fast crack propagation.

2) Retarding effect (Impermeable).

3) Low applied electric fields below coercive field[52,55].

4) High applied electric fields with coercive magnitude[56].



Conclusions

Pro: Major technological implementations.

Future research:

1)  Anisotropy[49].

2)  More realistic BC.

3) Selection of μ
p
 and μ

v 
.



Review

How Elastic  potential is addressed?

?
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