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1 Stokes problem of cavity flow

1.1 Standard Galerkin

The streamlines and velocity vectors of the cavity flow problem are shown in Figure.1l. This exam-
ple has become a standard benchmark test for incompressible flows. The boundary conditions are
indicated in Figure 2. As shown in the figures, we consider the plane flow of an isothermal fluid in a
square lid-driven cavity. The upper side of the cavity moves in its own plane at unit speed, while the
other sides are fixed. In this section, we simulate the stokes problem of the cavity flow with v = 1.
First, we solve the lid-driven cavity for the stokes problem and the standard Galerkin formulation.
The cavity is discretized with a uniform mesh of 10 x 10 T1T1 elements, 10 x 10 T2T1 elements,
10 x 10 Q1Q1 elements and 10 x 10 Q2Q1 elements. T: triangle; QQ: quadrilateral. The detailed
derivation of the linear system can be found at the end of the report as auxiliary files.
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Figure 1: Stokes cavity flow

Figure 3 and Figure 4 show that the solution using Q1Q1 and T1T1 elements is not LBB stable
while Figure 5 and Figure 6 show Q2Q1 and T2T1 are LBB complicant elements. Both Q2Q1 and
T2T1 elements present oscillations which are more pronounced in the corners.
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Figure 2: Boundary condition

(a) Pressure nodes (b) Velocity nodes

(c) Velocity streamline (d) Pressure field

Figure 3: Q1Q1
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(a) Pressure nodes (b) Velocity nodes

(c) Velocity streamline (d) Pressure field

Figure 4: T1T1
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(a) Pressure nodes (b) Velocity nodes

(c) Velocity streamline (d) Pressure field

Figure 5: Q2Q1
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(a) Pressure nodes (b) Velocity nodes

(c) Velocity streamline (d) Pressure field

Figure 6: T2T1

1.2 Stabilization

In recent years, the efforts of the researchers in the area of mixed methods have been directed
towards circumventing the LBB condition, thus opening the way to the use of velocity/pressure
pairs which are not convergent in the standard Galerkin formulation. The basic idea behind the
stabilization procedures is to render the matrix governing the velocity and pressure fields strictly
positive-definite. This can, for instance, be accomplished through a modification of the weak form
of the incompressibility condition, such as to render non-zero the diagonal term resulting from the
incompressibility condition.

Several procedures were actually developed for stabilizing incompressible flow problems formulated in
the primitive variables. Such procedures were essentially inspired from the stabilization techniques,
such as SUPG and Galerkin/Least-squares (GLS).

The detailed derivation of the linear system can be found at the end of the report as auxiliary files.
In the case of linear elements the GLS modification does not affect the weak form of the momentum
equation. This is because the terms involving the second derivatives of the weighting function w
do vanish in case of linear local approximations. The GLS matrix formulation then reduces to the

following system of equations:
K GT v] [ f (1)
G L pl £

The elemental matrices at each loop on gaussian points are calculated as:
N_ig = N(ig,:);
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2 Nxi_ig = Nxi(ig,:);

3 Neta ig = Neta(ig,:);

1 NP ig = NP(ig ,:) ;

5 Jacob = |

6 Nxi_ig(1l:ngeom)x(Xe(:,1)) Nxi ig(1l:ngeom)x*(Xe(:,2))
7 Neta ig(1l:ngeom)x(Xe(:,1)) Neta ig(1l:ngeom)x*(Xe(:,2))
8 ];

9 dvolu = wgp(ig)=*det(Jacob);

10 res = Jacob\[Nxi ig;Neta ig];

11 nx = res(1,:);

12 ny = res (2,:);

14 Ngp = [reshape ([1;0]*N _ig,1,nedofV); reshape ([0;1]*N _ig,1 ,nedofV) |;
15 % Gradient

16 Nx = [reshape ([1;0]*nx,1,nedofV); reshape ([0;1]*nx,1,nedofV) |;
17 Ny = [reshape ([1;0]*ny,1,nedofV); reshape ([0;1]*ny,1,nedofV)];
18 % Divergence

19 dN = reshape(res,1,nedofV);

)

N

Ke = Ke + (Nx’+NxtNy’«Ny)=+dvolu;

Ge = Ge — NP _ig’+«dN*xdvolu;

Le = Le — tauls*(nx’«nxtny’*ny)*dvolu;
x_ig = N_ig(1l:ngeom)*Xe;

f igaus = SourceTerm(x ig);

fe = fe + Ngp’xf igausxdvolu;

fqe = fqe —taulx res’xf igausxdvolu;

W N =

ot

NN N NN NN

AN

And in the main code, the left and right hand side is defined as

1 A= [Kred Gred’;
2 Gred LJ;
3 b = [fred; fqred];

Figure 7 shows that with GLS stabilization, the stokes problem with equal order interpolations, which
are unstable in the Galerkin formulation, now becomes stable. This is the case for quadrilateral
element with continuous piecewise bilinear interpolations and for the linear three-node triangle.
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(¢) Stabilized Q1Q1 velocity streamline (d) Stabilized T1T1 velocity streamline

Figure 7: Stabilization of stokes problem

2 Incompressible Navier-Stokes problem

In the this section, we apply Newton-Raphson method to solve the incompressible Navier-Stokes

problem.
e -

The matrix form 1is
The residual is
. {(K + C(v))u+ G'p — f}

Gu-—h

The Jacobian matrix of the global problem is:

(% 9]

where 2 = K + C(v) + 2€v The Newton Raphson method is firstly calculate Au'*!, Ap ! for

the following equation
T AuT+1 T
{ o f = 5)

then u™*' = u” + Au"t! and p"*! = p” + Ap"*!. Loop until r satisfies the tolerance.
In order to apply Newton-Raphson’s method, we need to calculate %—SV. The detailed derivation can
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be found in the auxiliary file.
The implementation of elemental convection matrix is

function C = ConvectionMatrix (X, T, referenceElement ,velo)

3 % X,T: nodal coordinates and connectivities for velocity

1

>

6

8

9

10

11

12

[

% N O

W ON NN N NN NN NN
S 5 8 N 2

% XP,TP: nodal coordinates and connectivities for pressure

5 % referenceElement: reference element properties (quadrature,

elem = referenceElement .elemV;

ngaus = referenceElement .ngaus;

wgp = referenceElement . GaussWeights;
N = referenceElement .N;

Nxi = referenceElement . Nxi;

; Neta = referenceElement . Neta;

NP = referenceElement .NP;

5 ngeom = referenceElement .ngeom;

7 % Number of elements and number of nodes in each element

[nElem ,nenV]| = size (T);
% Number of nodes
nPt V = size(X,1);
if elem = 11
nPt V = nPt V + nElem;

3 end

% Number of degrees of freedom

nedofV = 2xnenV;
ndofV = 2xnPt V;

C = zeros (ndofV ,ndofV);

33 % Loop on elements

for ielem = 1:nElem
% Global number of the nodes in element ielem
Te = T(ielem ,:) ;

% Coordinates of the nodes in element ielem
Xe = X(Te(1l:ngeom) ,:) ;
% Degrees of freedom in element ielem
Te dof = reshape ([2+xTe—1; 2xTe|,1,nedofV);
Ce = zeros (nedofV ,nedofV);
% Element matrices
Ve = velo(Te,:) ;
for ig = 1l:ngaus
N_ig = N(ig,:);
Nxi ig = Nxi(ig,:);
Neta ig = Neta(ig,:);
Jacob = |

shape functions...

Nxi_ ig(1l:ngeom)x(Xe(:,1)) Nxi ig(l:ngeom)x*(Xe(:,2))
Neta ig(1l:ngeom)x(Xe(:,1)) Neta _ig(1l:ngeom) *(Xe(:,2))

[

)
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dvolu = wgp(ig)=*det(Jacob);

54 res = Jacob\[Nxi ig;Neta ig];

55 nx res (1,:);

56 ny = res(2,:);

57 Ngp = [reshape ([1;0]*N_ig,1,nedofV); reshape ([0;1]+*N_ig,1,nedofV)];
58 % Gradient

59 Nx = [reshape ([1;0]*nx,1,nedofV); reshape ([0;1]*nx,1,nedofV)];
60 Ny = [reshape ([1;0]*ny,l,nedofV); reshape ([0;1]*ny,1,nedofV)]
61 V _ig = N_ig*Ve;

62 Vx = [V_ig(1l) 0;0 V_ig(1)];

63 Vy = [V_ig(2) 0;0 V_ig(2) |;

64 Ce = Ce + Ngp’#(VxxNxt+Vy*Ny)*xdvolu;

65 end

66 % Assemble the element matrices

67 C(Te_dof, Te dof) = C(Te_dof, Te dof) + Ce;

)

6o end
The implementation of %—CV is
v
i function G = dCdU _U(X,T, referenceElement , velo)

3 % X,T: nodal coordinates and connectivities for velocity
1 % XP,TP: nodal coordinates and connectivities for pressure

5 % referenceElement: reference element properties (quadrature, shape functions...

s elem = referenceElement .elemV;

9 ngaus = referenceElement.ngaus;

10 wgp = referenceElement . GaussWeights;
11 N = referenceElement .N;

12 Nxi = referenceElement . Nxi;

135 Neta = referenceElement . Neta;

11 NP = referenceElement .NP;

15 ngeom = referenceElement .ngeom;

16

17 % Number of elements and number of nodes in each element
15 [nElem ,nenV| = size (T);

% Number of nodes

20 1PtV = size (X,1);

21 if elem = 11

22 nPt V = nPt V + nElem;

23 end

24

26 % Number of degrees of freedom
27 nedofV = 2xnenV;

28 ndofV = 2xnPt_ V;

29

31 G = zeros (ndofV ,ndofV);

33 % Loop on elements

34 for ielem = 1:nElem

35 % Global number of the nodes in element ielem
36 Te = T(ielem ,:) ;
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% Coordinates of the nodes in element ielem
Xe = X(Te(1l:ngeom) ,:) ;
% Degrees of freedom in element ielem
Te dof = reshape ([2xTe—1; 2xTe]|,1,nedofV);
Ge = zeros (nedofV ,nedofV);
% Element matrices
Ve = velo(Te,:) ;
xe = Xe(:,1); ye = Xe(:,2);
for ig = 1l:ngaus
N_ig :N(ig,:);
Nxi_ig = Nxi(ig,:);
Neta ig = Neta(ig,:) ;
Jacob = |
Nxi ig(l:ngeom)x(Xe(:,1)) Nxi ig(l:ngeom)x*(Xe(:,2))
Neta ig(1l:ngeom)x*(Xe(:,1)) Neta ig(1l:ngeom)x*(Xe(:,2))

dvolu = wgp(ig)=*det (Jacob);

res = Jacob\[Nxi ig;Neta ig];

nx = res(1,:);

ny = res(2,:);

Ngp = [reshape ([1;0]*N _ig,1,nedofV); reshape ([0;1]«N _ig,1 nedofV)];

dudx = nxxVe(:,1
dudy = nyxVe(:,1
dvdx = nx*Ve(:,2
dvdy = nyxVe(:,2);

gradV = [dudx dudy;dvdx dvdy];
Ge = Ge + Ngp’sxgradV«Ngpxdvolu;

)
b

)

~— — — —

end
% Assemble the element matrices
G(Te_dof, Te dof) = G(Te_dof, Te dof) + Ge;

end

The cavity flow of Navier-Stokes problem is entirely characterized by the Reynolds number. Figure
8 allows us to visualize the streamlines under different Reynolds number. It can be observed that
as Reynolds number increases boundary layers are more obvious and the position of the main vortex
moves towards the center of the cavity.

(a) Re=10 (b) Re=100 (¢) Re=1000

Figure 8: Cavity Navier-Stokes
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For Re = 100, the convergence achieved in iteration number 13 using Picard scheme with tol =
0.5¢ — 8. However, we only need 5 interations for Newton-Raphson method. As is shown in Figure
9, Picard gives linear convergence rate while Newton-Raphson is quadratic.

0 2‘ 1; é 2; 1‘0 12 14 ) 1 1‘.5 2‘ 25 ?l 3‘.5 1‘3 4‘.5 5
(a) Picard (b) Newton-Raphson

Figure 9: Convergence
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